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Key Ideas

� Tools for studying entanglement (concurrence) dynamics

– dynamics: unitary operator acting on all of Hn

– trade-off: blunt instrument due to accounting for all 2n dimensions
of inputs

� Examples of quantum computation �

�

structured entanglement dynamics

� Many open questions �

�

read paper
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Outline

I. Concurrence dynamics of Grover search
II. Concurrence canonical decomposition

III. Concurrence capacities with examples
IV. Open questions
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Quantum Bit-Flip

�

: One Qubit

� Picture: reverse Bloch sphere vector
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Quantum Bit-Flip

�

& Concurrence

� One qubit formula:
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-antilinear: not unitary evolution

� n-qubit formula:

�

y

�
�

�
�

���

isy

���

n
�

y
�

�

�
� isy

���

n

�

y

�

� Physical interpretation: time-reversal symmetry operator

� Concurrence Entanglement Monotone: C2p
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Concurrence Entanglement
Monotone: Examples
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Review: Grover Search Algorithm

� n-qubits: states
�

k
�

, 0

�

k

�

N� 1, N � 2n, w/ search target state

�

x

�

� Quantum oracle: unitary O, Ox
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j

�

�
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else

� Grover's algorithm:

– build Grover computation G � H�
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– compute Grover iterates
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Concurrence of Grover Iterates

� Simpli�cation: x � 11 � � � 1 �

�
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� Oddity: let Q
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denote Meyers' Q-measure
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Plot: C10

�

�

y k

� �

against k

0 10 20 30 40 50 60 70 80 90 100
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

9



Outline

I. Concurrence dynamics of Grover search
II. Concurrence canonical decomposition

III. Concurrence capacities with examples
IV. Open questions
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Natural: CCD by G � KAK metadecomposition

� Metadecomposition: theorem outputting matrix decompositions

� Three cascading inputs, each dependent on last

� Generalizes canonical dec.: SU
�

4
�
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2
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2

�

: two-qubit local unitary (LU) group

– D: relative phase computations on Bell (or “magic”) basis

� Sample applications: 2q control theory, 2q quantum logic circuits, 2q
computation times, 2q entanglement theory
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Cascading Inputs of G � KAK theorem

1. Lie group G, semisimple,

�

� Lie

�

G

�

( �

�

G � exp

�

, matrix exponential)

2. Cartan involution q :
�

�

�

(using same term if G compact)

�

�
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�
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�

� q
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X

�
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� Encodes generalized polar decomp. of
�

3. (Maximal-Commutative) subspace

�

�

�
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G � KAK Example: Bloc h Sphere Rotations

� Take G � SU

�

2
�

(pre�x SG: determinant-one subgroup)
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G � KAK Example: 2q Canonical Decomposition
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CCD: Extend G � KAK Inputs

� Extends Euler angle and 2q canonical decomp. examples

� G � KAK Input #1: G � SU
�

2n

�

� G � KAK Input #2: q

�

iH

�

�

� ���

is y

�
�

n

�

†

�

iH

����

isy

���

n

�

�

�

iH

�

�

� 1

�

�

is

�

1-eigenspace; K � exp

�

�

�

�

�
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�
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� Concurrence Canonical Decomposition is SU
�

N

�
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15



Two-Qubit Entanglement Capacities

� Zhang et al (Berkeley): two-qubit entanglement capacities

– Def: E2

�

v

�

� max
�

C2
�

v

�

y

� �

; C2

� �

y

� �

� 0

�

– Strategy: study changes in entanglement induced by a factor of
two-qubit canonical decomp, v �

�

b

�

c

�

a

�

d

�

f

�

– Thm: E2

�

v

�

� 1 iff the convex hull (polygonal span) of
spec

� �
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���

2 v

�
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���

2 vT

�

holds 0

�

	

� Application: B gate; two-qubit computation with minimal possible (2)
applications needed to build SU

�

4

�
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�

B

�
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�

16



Even Qubit Concurrence Capacities

� Fix n � 2p, integral spin qubit system, K


� SO

�

N

�

– Def: Concurrence capacity

k̃2p
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�

C2p
�

v

�
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� �
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� �
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�
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�
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�
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�
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�
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�

a
�

– Thm:(BB) k̃2p

�

v

�

� 1 iff the convex hull (polygonal span) of
l c

�

v

�

� spec

� ���

isy

���

2p v

�
� isy

�
�

2p vT
�

� spec

�

a2

�

holds 0

�

	

� Application: Choose an element a at random for 2p large �

�

the
concurrence capacity of v � k1ak2 is probably one

17



Picture: Sample Convex Hull
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Outline

I. Concurrence dynamics of Grover search
II. Concurrence canonical decomposition

III. Concurrence capacities with examples
IV. Open questions
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l c

�

v

�

� spec

�

a2

�

of 10-qubit Grover G, Cont.

� Double eigenvalue at� 1, single in quadrants II, III

� 1020-fold degeneracy at 1

� Concurrence capacity 1: 0 within polygon span

– Exists

�

y

�

, C2p

� �

y

� �

� 0, C2p

�

G

�

y

� �

� 1

– How entangled is

�

y

�

?
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Q
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Concurrence Spectra of Other Computations

� Quantum Fourier transform: Fix N � 2n, w � e2pi

�

N

– F �

1

�

N
å N� 1

j � 0 å N� 1
k� 0 wjk

�

k

� �

j

�

– Admits Q

�

logN

�

-sized quantum logic circuit

– Component of other quantum algorithms, e.g. Shor's factoring

� Quantum baker's map: Bn � Fn

�

I2�

F� 1
n� 1�

– Used in quantum chaos theory; quantum mixing

– Concurrence of Bk
n

�

00 � � � 0

�

studied by Scott, Caves
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l c
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of F10 (left) & B10 (right)
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Outline

I. Concurrence dynamics of Grover search
II. Concurrence canonical decomposition

III. Concurrence capacities with examples
IV. Open questions
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Open Question #1: Pattern in l c

�

B2p

�

� Concurrence capacity of quantum baker's map: not one

� note that� 1 is always an eigenvalue, but not 1

� closest to 1 is exp

���

ip

�

2n� 1

�

?

n, # qubits max

�

� i log

�

l

�

; l

�

l c

�

Bn
� �

p

�

2n� 1

4 � 0� 392699081 0� 392699081
6 � 0� 098174770 0� 098174770
8 � 0� 024543693 0� 024543693
10 � 0� 006135923 0� 006135923
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Open Question #2:

�

y

�

realizing capacities

� Grover map G � H�

n

�

I� 2

�

0

� �

0

� �

H�

nO

– Produced

�

y

�

, C2p
� �

y
� �

� 0, C2p

�

G

�

y

� �

� 1

– Easiest examples: Q
� �

y
� �

large

– l c

�

v

�

�

�

l j

�

N� 1
j � 0 : any sum 0 � å N� 1

j � 0 t j l j �

�

new

�

y

�

– Produce

�

y

�

with Q

� �

y

� �

small?

� Replace G with other maps, e.g. F2p

� Replace Q

��� �

with other entanglement monotones
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Open Question #3: Mean concurrence numbers

� Fact:

� �

y

�

; C2p
� �

y
� �

� 0

�

�

y

�

y

�

� 1

�

�

�

k

�

00 � � � 0

�

; k

�

K

�

� Similar comment for C

� 1
2p� �

1
� �

�

�

k

�

GHZ

�

; k

�

K

�

� De�ne µ

�

�

v

�

�

� K C2p

�

v k

�

0

� �

dk and µ�

�

v

�

�

� K C2p

�

v� 1k

�

GHZ

� �

dk

� µ

�

�

G

���

µ

�

�

F

�

? Does µ

�

��� �

capture more structure of l c

�

v

�

?

� More generally, better measure of concurrence change than k̃2p

�

v

�

?
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Key Ideas

� Tools for studying entanglement (concurrence) dynamics

– dynamics: unitary operator acting on all of Hn

– trade-off: blunt instrument due to accounting for all 2n dimensions
of inputs

� Examples of quantum computation �

�

structured entanglement dynamics

� Many open questions �

�

read paper
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