QI 04, Seminar 2

Produced with pdflatex and xfig

¢ Qubits’ state space.
o Operations on qubits.

o A black box problem.

E. “Manny” Knill: knill@boulder.nist.gov
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Qubits’ State Space |

e Two qubits, labeled A and B.
State space of qubit A:

{alo), + Blr), | e* + [B]* = 1}.
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Qubits’ State Space |

e Two qubits, labeled A and B.
State space of qubit A:

{alo), + Bl1), [ |af* +|8]° = 1}
State space of qubit B:

{afo), + Blr} |af* + [6]* = 1}.

- The ket:

e CN
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Qubits’ State Space |

o Two qubits, labeled A and B. —The ket: ¢ e CV
State space of qubit A:
{alo), + AlL) | lal + 82 = 1}, )
State space of qubit B: SR
{aloy + Bl1y | ef® + [8]* = 1} Hame.

Some joint states, the logical states:

[Ol0ks loQlLk, [Lhlok, 1)1
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Qubits’ State Space |

e Two qubits, labeled A and B.

State space of qubit A:

{alo), + Blr), | el® + [8]* = 1}.

State space of qubit B:

{alo}, + Blr) [ laf* + |8 = 1}.

Some joint states, the logical states:

1)|1).

ook [o)l1k, [1hlok,
Notation: |¢),|¢), = |¢p)|Y) =

(CLENS

- The ket:

e CN

)

\—.\/_/
System
name

= |V )sa-
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Qubits’ State Space |

o Two qubits, labeled A and B. —The ket: ¢ e CV
State space of qubit A:
{alo), + AlL) | lal + 82 = 1}, )
State space of qubit B: SR
{aloy + Bl1y | ef® + [8]* = 1} Hame.

Some joint states, the logical states:
ohlok, [oh[1k, [1)lok, [L)]1k.
Notation: |1), @) = [dp[), = [Vd)g = [PV )s,-

Qubits A and B together form the system AB with state
space all superpositions of the logical states.
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Qubits’ State Space |

o Two qubits, labeled A and B. ~The ket: ¢ e CV
State space of qubit A:
{alo), + Al) | lal + 82 = 1}, )
State space of qubit B: SR
{aloy + Bl1y | ef* + [8]* = 1} Hame.

Some joint states, the logical states:
ohlok, |01k, [1)lok, [L)]1k.
Notation: |1), @) = [dp[), = [Vd)g = [PV )s,-

Qubits A and B together form the system AB with state
space all superpositions of the logical states.
{afoo)g + Blor)g + 7|10)g + d[11)5 |

ol + 812 + |y|* + 16)* = 1}

1
«—|Top|—|—|TOC



Qubits’ State Space Il

Vector representation of AB’s state space.

a|00),, + Blo1),, + Y|10), + 0|11),, <
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Qubits’ State Space Il

Vector representation of AB’s state space.

C.\O
-
oloo) + Blorly +11104 + ok [ 7| T
2
%/)
\9/ %
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Qubits’ State Space Il

Vector representation of AB’s state space.

C.\O
2
a|00),, + Blo1),, + Y|10), + 0|11),, < g %%
<
%,
\9/ %

e Examples: The logical states and
300} + 5l0L)g + 5l10) + 3111),g
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Qubits’ State Space Il

Vector representation of AB’s state space.
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e Examples: The logical states and
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Qubits’ State Space Il

Vector representation of AB’s state space.
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e Examples: The logical states and
300} + 5l0L)g + 5l10) + 3111),g

= (Z5loh+ i) (ol + k)

2
—|Top|Bot| —|—|TOC



Qubits’ State Space Il

Vector representation of AB’s state space.

[a) "%,

sl %

5,

a|00),, + Blo1),, + Y|10), + 0|11),, <

e Examples: The logical states and
300} + 5l0L)g + 5l10) + 3111),g

= (Zloh + Z5ih) (Felok + k)
Product states: (a|o), + b|1),)(clo), + d|1),)
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Qubits’ State Space Il

Vector representation of AB’s state space.

[a) "%,

sl %

5,

a|00),, + Blo1),, + Y|10), + 0|11),, <

e Examples: The logical states and
300} + 5l0L)g + 5l10) + 3111),g

= (Sloh + Z5ih) (Slok + Lin)
Product states: (a|o), + b|1),)(clo), + d|1),)
A Bell state: —=([oo), +[11),;)
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Qubits’ State Space Il

Vector representation of AB’s state space.

[0\ 4,

sl %

5,

a|00),, + Blo1),, + Y|10), + 0|11),, <

e Examples: The logical states and
300} + 5l0L)g + 5l10) + 3111),g

= (Zloh + Z5ih) (Felok + k)
Product states: (a|o), + b|1),)(clo), + d|1),)

A Bell state: —5(|oo),, + [11),5) Is this a product state?

2
—|Top|Bot|—|—|TOC



Qubits’ State Space Il

Vector representation of AB’s state space.

(o) "%,

sl %

5,

a|00),, + Blo1), + Y|10), + 0|11),, <

e Examples: The logical states and
300} + 501 + 5l10) + 3I11),g

= (Zloh + Z5ih ) (Felok + k)
Product states: (a|o), + b|1),)(clo), + d|1),)

A Bell state: —5(|oo),, + [11),5) Is this a product state?

Global phase: 1)), ~ e*®[),,

2



Qubits’ State Space ll|

e State space of three qubits A, B, C:

Superpositions of the 8 logical states |abc), ..
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Qubits’ State Space ll|

e State space of three qubits A, B, C:

Superpositions of the 8 logical states |abc), ..

e State space of n qubits 1,2, .. .n:
Superpositions of the 2" logical states |a;az...a,), .
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Qubits’ State Space ll|

e State space of three qubits A, B, C:

Superpositions of the 8 logical states |abc), ..

e State space of n qubits 1,2, .. .n:
Superpositions of the 2" logical states |a;az...a,), .

e Can one take superpositions of other states to form the state
space”?
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Qubits’ State Space Il

e State space of three qubits A, B, C:

Superpositions of the 8 logical states |abc), ..

e State space of n qubits 1,2, .. .n:
Superpositions of the 2" logical states |a;az...a,), .

e Can one take superpositions of other states to form the state
space”?
If the states are distinguishable. ... Explanation deferred.
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Ket Algebra

Ket algebra: Addition and multiplication rules.
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Ket Algebra

Ket algebra: Addition and multiplication rules.

Kets for completely separate systems commute.

[Vklo} = [P}k
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Ket Algebra

Ket algebra: Addition and multiplication rules.

Kets for completely separate systems commute.

[W)|o) = |o)|v). ..we'll avoid multiplying

kets of the same system.
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Ket Algebra

Ket algebra: Addition and multiplication rules.

Kets for completely separate systems commute.

W)lo) = o) V). .. we'll avoid multiplying

kets of the same system.
Products of atomic kets may be merged to abbreviate.

[DkloL = [Pk
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Ket Algebra

Ket algebra: Addition and multiplication rules.

Kets for completely separate systems commute.

W)lo) = o) V). .. we'll avoid multiplying

kets of the same system.
Products of atomic kets may be merged to abbreviate.
[Pxlo) = o),
Multiplication distributes over addition.
1

\/§|1>A(IO>B +ifip)loy =
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Ket Algebra

Ket algebra: Addition and multiplication rules.

Kets for completely separate systems commute.

[W)|o) = |o)|v). ..we'll avoid multiplying

kets of the same system.
Products of atomic kets may be merged to abbreviate.
[Pxld) = ok, -

Multiplication distributes over addition.

1

V2

1

1), (o), + il o), = ﬂllxlo}glow%ll%lly%
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Ket Algebra

Ket algebra: Addition and multiplication rules.

Kets for completely separate systems commute.

[Vklo} = [P}k

... we’ll avoid multiplying
kets of the same system.

Products of atomic kets may be merged to abbreviate.

[DkloL = [Pk

Multiplication distributes over addition.

1

\/§|1>A(IO>B +if1})loh

—Sluloko) +_%|1>A|1>5|o>3

1 )
_|lOO>ABD + _2|llO>ABD

V2 V2
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State Preparation

e Prepare a new qubit A in |o),, prep(o)”.

S

@A_
E
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State Preparation

e Prepare a new qubit A in |o),, prep(o)”.

A —
S
I

P
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State Preparation

e Prepare a new qubit A in |o),, prep(o)”.

DA
S
E |

) [INU)
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State Preparation

e Prepare a new qubit A in |o),, prep(o)”.

oA
S
|

) [INU)

Label A must not have been used previously.

5
<—|T0p|BOt|—>|H>|TOC



State Preparation

e Prepare a new qubit A in |o),, prep(o)”.

oA
S
|

) [INU)

Label A must not have been used previously.
(A)

Similarly, can prepare |1), using prep(1)
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State Preparation

e Prepare a new qubit A in |o),, prep(o)”.

oA
S
|

) [INU)

Label A must not have been used previously.

Similarly, can prepare |1), using prep(1)"”.

o Notation: op”
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State Preparation

e Prepare a new qubit A in |o),, prep(o)”.

oA
S
|

) [INU)

Label A must not have been used previously.
(A)

Similarly, can prepare |1), using prep(1)

o Notation: Op(S)}means op acts on system S.
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One-Qubit Gates
o Apply not™ to the two-qubit system AB.

AN N

B
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One-Qubit Gates

o Apply not™ to the two-qubit system AB.
g = aloo)g + Blov), + v[10)g + d[11)4

1>

—H—

|0
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One-Qubit Gates

o Apply not™ to the two-qubit system AB.
g = aloo)g + Blov), + v[10)g + d[11)4

= |oj(alo) + Bl}) + [1)(vlo} + dl1})
s

1>

|0
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One-Qubit Gates

o Apply not™ to the two-qubit system AB.
g = aloo)g + Blov), + v[10)g + d[11)4

Ny o) (eloy + Blig) + |1)(vlog +d]1))
S
B

not" |¢) = (not” o)) (alo), + Hlr) + (mot™|1))(ylo}, +dlx})
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One-Qubit Gates

o Apply not™ to the two-qubit system AB.
|¢>AB = aloo),; + Blo1)g + v[10)g + d[11),4

A o), (o), + Bl1),) + |1),(v]o) + 6|1))
__@__
B
not™”|¢), . = (not™|o),)(alo), + BJ1)) + (not™|1))(y|o}, + 5|1},

= 1) (alo, + A1) + loj(vlo}, + dl})
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One-Qubit Gates

o Apply not™ to the two-qubit system AB.
g = aloo)g + Blov), + v[10)g + d[11)4

Ny o) (eloy + Blig) + |1)(vlog +d]1))
S
B

b0t 1) = (not™ o)) (alol + B1Y) + (not™[1))(]o}, + 31y
=[1),(alo), + Blr)) + [o)(v]o} + d[r))
= al10),, + B]11),; + 7|00),, + 0]o1),,
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One-Qubit Gates

o Apply not™ to the two-qubit system AB.
g = aloo)g + Blov), + v[10)g + d[11)4
o) (afoy, + Blrg) + [1)(v[o} + d1))

not”|¢), . = (not™|o),)(alo), + BJ1)) + (not™|1),)
=[1),(alo}, + Bl1)) + [o)(v]o) + 1))
= al10),, + B]11),; + 7|00),, + 0]o1),,
o Apply had® to the three-qubit system ABC in state

[ )hac = 51101)gc + 5[110)5c.

—(—

.

(vlo) + d]1})
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One-Qubit Gates

o Apply not™ to the two-qubit system AB.
g = aloo)g + Blov), + v[10)g + d[11)4
o) (afoy, + Blrg) + [1)(v[o} + d1))

not”|¢), . = (not™|o),)(alo), + BJ1)) + (not™|1),)
=[1),(alo}, + Bl1)) + [o)(v]o) + 1))
= al10),, + B]11),; + 7|00),, + 0]o1),,
o Apply had® to the three-qubit system ABC in state

[ )hac = 51101)gc + 5[110)5c.

had®|y),,. = had” (|101),, + 2|110)
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_E_

.
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One-Qubit Gates

o Apply not™ to the two-qubit system AB.
g = aloo)g + Blov), + v[10)g + d[11)4
o) (afoy, + Blrg) + [1)(v[o} + d1))

not”|¢), . = (not™|o),)(alo), + BJ1)) + (not™|1),)
=[1),(alo}, + Bl1)) + [o)(v]o) + 1))
= al10),, + B]11),; + 7|00),, + 0]o1),,
o Apply had® to the three-qubit system ABC in state

[ )hac = 51101)gc + 5[110)5c.

had®|y),,. = had” (|101),, + 2|110)

ABC)

— ] — = had® (Z[o),[1) 1), + Fl1)|1)[0))

.

(vlo) + d]1})
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One-Qubit Gates

o Apply not™ to the two-qubit system AB.
g = aloo)g + Blov), + v[10)g + d[11)4
o) (afoy, + Blrg) + [1)(v[o} + d1))

not”|¢), . = (not™|o),)(alo), + BJ1)) + (not™|1),)
=[1),(alo}, + Bl1)) + [o)(v]o) + 1))
= al10),, + B]11),; + 7|00),, + 0]o1),,
o Apply had® to the three-qubit system ABC in state

[ )hac = 51101)gc + 5[110)5c.

had®|y),,. = had” (|101),, + 2|110)

ABC)

— ] — = had® (Z[o),[1) 1), + Fl1)|1)[0))

= 2had”|o},|1),|1). + thad®|1)|1),]

.

(vlo) + d]1})
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One-Qubit Gates

o Apply not™ to the two-qubit system AB.
g = aloo)g + Blov), + v[10)g + d[11)4
o) (afoy, + Blrg) + [1)(v[o} + d1))

not”|¢), . = (not™|o),)(alo), + BJ1)) + (not™|1),)
=[1),(alo}, + Bl1)) + [o)(v]o) + 1))
= al10),, + B]11),; + 7|00),, + 0]o1),,
o Apply had® to the three-qubit system ABC in state

[ )hac = 51101)gc + 5[110)5c.

had®|y),,. = had” (|101),, + 2|110)

hec)
_E_
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One-Qubit Gates

o Apply not™ to the two-qubit system AB.
g = aloo)g + Blov), + v[10)g + d[11)4
o) (afoy, + Blrg) + [1)(v[o} + d1))

not”|¢), . = (not™|o),)(alo), + BJ1)) + (not™|1),)
=[1),(alo}, + Bl1)) + [o)(v]o) + 1))
= al10),, + B]11),; + 7|00),, + 0]o1),,
o Apply had® to the three-qubit system ABC in state

[ )hac = 51101)gc + 5[110)5c.

had®|y),,. = had” (|101),, + 2|110)

ABC)

.

]+ f— — 3had™|o}|1),[1). + 2had®|1}[1), o)

(vlo) + d]1})

0
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One-Qubit Gates

o Apply not™ to the two-qubit system AB.
g = aloo)g + Blov), + v[10)g + d[11)4
o) (afoy, + Blrg) + [1)(v[o} + d1))

not”|¢), . = (not™|o),)(alo), + BJ1)) + (not™|1),)
=[1),(alo}, + Bl1)) + [o)(v]o) + 1))
= al10),, + B]11),; + 7|00),, + 0]o1),,
o Apply had® to the three-qubit system ABC in state

[ )hac = 51101)gc + 5[110)5c.

had®|y),,. = had” (|101),, + 2|110)

ABC)

.

31 (o}, + L)L)k + 3L (lo),

]+ f— — 2had®[o}1) |1} + thad®[1}]1)|o}

(vlo) + d]1})

k)| lo
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One-Qubit Gates

o Apply not™ to the two-qubit system AB.
g = aloo)g + Blov), + v[10)g + d[11)4
o) (afoy, + Blrg) + [1)(v[o} + d1))

not”|¢), . = (not™|o),)(alo), + BJ1)) + (not™|1),)
=[1),(alo}, + Bl1)) + [o)(v]o) + 1))
= al10),, + B]11),; + 7|00),, + 0]o1),,
o Apply had® to the three-qubit system ABC in state

[ )hac = 51101)gc + 5[110)5c.

had®|y),,. = had” (|101),, + 2|110)

hec)
_E_

.

= 33500} + Ik + £ () -

(vlo) + d]1})

k)| lo
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One-Qubit Gates

o Apply not™ to the two-qubit system AB.
g = aloo)g + Blov), + v[10)g + d[11)4
o) (afoy, + Blrg) + [1)(v[o} + d1))

not”|¢), . = (not™|o),)(alo), + BJ1)) + (not™|1),)
=[1),(alo}, + Bl1)) + [o)(v]o) + 1))
= al10),, + B]11),; + 7|00),, + 0]o1),,
o Apply had® to the three-qubit system ABC in state

[ )hac = 51101)gc + 5[110)5c.

had®|y),,. = had” (|101),, + 2|110)

ABC)

.

T — = 35 (lo + [yl + &5 (lo) -

(vlo) + d]1})
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One-Qubit Gates

o Apply not™ to the two-qubit system AB.
g = aloo)g + Blov), + v[10)g + d[11)4
o) (afoy, + Blrg) + [1)(v[o} + d1))

not”|¢), . = (not™|o),)(alo), + BJ1)) + (not™|1),)
=|1), (o), + Bl1),) + |o)(v]o) + 6|1))
= al10),, + B]11),; + 7|00),, + 0]o1),,
o Apply had® to the three-qubit system ABC in state

[ )hac = 51101)gc + 5[110)5c.

had®|y),,. = had” (|101),, + 2|110)

ABC)

.

:7(1 o), |1). + [1), |1>B|1
£ (I loylo) — I lxhlo))

T — = 35 (lo) + 1)l + 355 (lo) -

(vlo) + d]1})

k)| lo
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One-Qubit Gates

o Apply not™ to the two-qubit system AB.
g = aloo)g + Blov), + v[10)g + d[11)4
o) (afoy, + Blrg) + [1)(v[o} + d1))

not”|¢), . = (not™|o),)(alo), + BJ1)) + (not™|1),)
=|1), (o), + Bl1),) + |o)(v]o) + 6|1))
= al10),, + B]11),; + 7|00),, + 0]o1),,
o Apply had® to the three-qubit system ABC in state

[ )hac = 51101)gc + 5[110)5c.

had®|y),,. = had” (|101),, + 2|110)

hec)
_E_

.

= 73k lohlak + 1) hf)
T () lokloy — |1 [1lo))

(vlo) + d]1})
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One-Qubit Gates

o Apply not™ to the two-qubit system AB.
g = aloo)g + Blov), + v[10)g + d[11)4
o) (afoy, + Blrg) + [1)(v[o} + d1))

not”|¢), . = (not™|o),)(alo), + BJ1)) + (not™|1),)
=|1), (o), + Bl1),) + |o)(v]o) + 6|1))
= al10),, + B]11),; + 7|00),, + 0]o1),,
o Apply had® to the three-qubit system ABC in state

[ )hac = 51101)gc + 5[110)5c.

A— had(B)|¢>ABc had( )(%|lOl>ABC é|llO>ABC)
B_ > o>B|1 + 1) |1)]1))
c IEI hloklok — [1h|1)lo))

(vlo) + d]1})
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One-Qubit Gates

o Apply not™ to the two-qubit system AB.
[)g = aloo)g + Blov), + v[10)g + d[11)4
o) (afoy, + Blrg) + [1)(v[o} + d1))

not”|¢), . = (not™|o),)(alo), + BJ1)) + (not™|1),)
=[1),(alo} + Bl1)) + [o)(v]o) + 1))
= a10),, + B]11),; + 7[00), + 0]o1),,
o Apply had® to the three-qubit system ABC in state

[ )hac = 51101)gc + 5[110)5.

had®|y),,. = had” (|101),, + 2|110)

ABC)
= S _(|1)Jok 1) 4 [L)]1)]1))
5v/2 1A N N
—{H— + ([ loblo). — [y nhlok)
— 53%(|101>A3c + |111), ) + %(|100>

A

.

(vlo) + d]1})

BC |llO>ABC)
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Controlled-Not

o The controlled not acts on two qubits: if A then not".
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Controlled-Not

o The controlled not acts on two qubits: if A then not".

A
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Controlled-Not

o The controlled not acts on two qubits: if A then not".

|OO>AB - A |OO>AB

T
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Controlled-Not

o The controlled not acts on two qubits: if A then not".
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Controlled-Not

o The controlled not acts on two qubits: if A then not".
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Using the Controlled Not

e Problem: Prepare the state —=(joo),, + [11),,).
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Using the Controlled Not

e Problem: Prepare the state —=(joo),, + [11),,).

Solution: 1
7§(|OO>AB T |lO>AB)

D
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Operators and Kets

Ket algebra: Rules involving operators.
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Ket algebra: Rules involving operators.

Operators and kets for disjoint systems commute.

op™|i), = [¢),0p™
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Operator multiplication distributes over sums.
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Operators and Kets

Ket algebra: Rules involving operators.

Operators and kets for disjoint systems commute.

op™|), = [¢),0p™

Operator multiplication distributes over sums.

Op(x>(04|¢>sxv + ﬁ|¢>sxv) = &OP(X)|¢>SXY + 6Op(x>|¢>5xv

An operator on S applied to an S-ket expression results in
a ket expression using the defined action of the operator.
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Measuring Qubits

Measuring all qubits at once.
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Measuring Qubits

Measuring all qubits at once.

Probability |cvg|?

a=1
...+ agl110)  + ... b=1
C=o0
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e Given:
Promise:

Problem:

A Black Box Problem

Unknown one-qubit device, a “black box”.
It either applies not, sgn, sgn.not

or does nothing.

Determine which using the device once.
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Solution, using two qubits.
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Solution, using two qubits.

b )l 5006 o)
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A Black Box Problem

e Given: Unknown one-qubit device, a “black box”.

Promise: It either applies not, sgn, sgn.not
or does nothing.

Problem: Determine which using the device once.

Solution, using two qubits.

1)l 50 o) (o)

0
I: %( OO>AB + ll>AB)
sgn : %( 00); — [11),)
not : %( 10),, + |01)5)
sgn.not %( 10),, — |01)5)
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e Given: Unknown one-qubit device, a “black box”.
Promise: It either applies not, sgn, sgn.not
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A Black Box Problem

e Given: Unknown one-qubit device, a “black box”.
Promise: It either applies not, sgn, sgn.not
or does nothing.
Problem: Determine which using the device once.

Solution, using two qubits.

b )l 5006 o)

"~

1: |00k
sgn : 11),|0),
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A Black Box Problem

e Given: Unknown one-qubit device, a “black box”.
Promise: It either applies not, sgn, sgn.not
or does nothing.
Problem: Determine which using the device once.

Solution, using two qubits.

b))l %) 06 o)

~~

1: o]0k
sgn : 11),]0),
not : 0),|1),

sgn.not :—|1),|1),
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